Within the non-relativistic quark model framework, the spectrum, radii, radial wave function at origin and decay constants for B c mesons are derived through finding the numerical solution of the Schrodinger equation by shooting method. Momentum width is determined for B c meson states with angular momentum quantum numbers and radii. Masses of B c meson states are calculated through constraints on mass and r rms derived with uncertainty and variational principles. Results are compared with the experimentally observed and theoretically available results. These results have implications for scalar form factors and leptonic decays of B c mesons.
I. Introduction
B c meson, with beauty(b) and charm(c) quarks, is discovered in 1998 at Fermilab in Collider Detector [1] . Its mass lies in between charmonium and bottomonium mesons. It is the most important meson for understanding of Quantum Chromodynamics (QCD) due to its different flavoured heavy quark-antiquark pair. Experimentally, only two Bc meson states (Bc(1S),Bc(2S)) are discovered with mass 6.2749±0.0008 GeV and 6.842±0.004±0.005 GeV respectively. Theoretically, Bc mesons have been studied through quark potential model [2, 3, 4, 5, 6, 7, 8, 9] , QCD sum rule [10, 11, 12, 13] , the heavy quark effective theory [14] and lattice QCD [15, 16, 17] .
A variety of numerical techniques are available in the literature to solve the Schrodinger equation. In this paper, Schrodinger equation with non-relativistic potential model is solved numerically for B c meson using Born Openheimer formalism and adiabatic approximation for ground, radially and orbitally excited states of B c meson. This numerical solution is used to find mass, radial wave function at origin, decay constants of pseudo scalar and vector meson, r rms and momentum width.
In Ref. [18] , variational principle is combined with uncertainty principle to derive the constraints to the mass of cc meson with same flavour of quark and antiquark. In this paper, work is extended for B c mesons with different flavour of quark and antiquark.
Potential model used for conventional mesons is discussed in the section II of this paper which was further used to calculate radial wave functions for the ground and radially excited state B c mesons by solving the Schrödinger equation numerically. The expressions used to find masses, radial wave function at origin, decay constant, root mean square radii and momentum width of B c mesons are also written in section II. In section III, a more simpler technique, developed by combining uncertainty principle and variational principle, is used to calculate the mass of ground state of B c meson while the results are discussed in section IV.
II. Conventional B c mesons 0.1 Schrodinger Equation
Properties of mesons can be derived by solving the Schrödinger equation:
where H is the energy operator known as Hamiltonian and E is the total energy of the system. Hamiltonian can be defined as:
H T is the kinetic energy part of the Hamiltonian and is defined as:
with P as the momentum and µ as the reduced mass of the quark-antiquark system. Potential energy part of the Hamiltonian for mesons is modelled as [19] :
Here
In H conf , first term describes coulomb like interaction while the second one is due to linear confinement. H cont , H tens , and H s.o describe the colour contact, colour tensor, and spin orbit interactions respectively. α s , b and S T are the strong coupling constants, string tension and the tensor operator respectively. S T is defined as:
such that
Here, L is the relative orbital angular momentum of the quark-antiquark and S is the total spin angular momentum. H s.o and H tens are equal to zero [20] for L = 0, where in the eq.
. and m q is the constituent mass of the quarks. 
Spectrum of B c Mesons
To find the mass of B c mesons, numerical solution of the radial Schrödinger equation:
is found by using the shooting method. Here U (r) = rR(r), product of interquark distance r and the radial wave function R(r). The parameters m b = 4.825 GeV, m c = 1.4794 GeV are taken from [21, 22] while parameters(α s , b, σ) are found by fitting the meson's mass with experimentally known mass, we got the following values. α s = 0.4791, σ = 1.0999 GeV, b = 0.1371 GeV 2 . Mass of a bc state is obtained after the addition of constituent quark masses in the energy E. Radial wave function of 1 S 0 , 3 S 1 , 3 P 2 and 3 P 0 are shown in Fig. (1-4) for first three radially excited states.
Mixed States
Mesons having same mass of quark and antiquark satisfy the parity and charge conservation laws. But mesons with different mass of quark and antiquark do not satisfy the charge conservation law. B c mesons with different flovoured quark-antiquark are not eigenstates of the charge conjugation. So the states with same J and P , but with different S can mix. B c ( 1 P 1 ) and B c ( 3 P 1 ) are the states with same J and P .
where θ M is the mixing angle.In heavy quark limit Table 1 .
Radial wave function at origin
For normalized wave function
U ′ (0) is calculated to find the radial wave function at origin whose magnitudes are reported in Table 2 . For the states with L > 0, wave function becomes zero at the origin. 
Decay Constants
|ψ(0)| 2 is used to find the decay constants (f p ) of pseudo scalar and pseudo vector mesons. Following Van-Royen-Weisskopf formula [23] is used to find decay constants.
where M p is the mass of corresponding meson. I used the numerically calculated masses (given in Table 1 ) for Pseudo scalar and vector meson.
Radii
The normalized wave functions are then used to calculate root mean square radii using the following relation:
Momentum Width
Momentum width (β) for a system of quark-antiquark bound state is defined as [26] β = 3 2 1 r rms
Using the root mean square radii, β is calculated.
III. Spectrum of Mesons by Uncertainty and Variational Principles
Heisenberg's uncertainty principle can be written as
with ∆p x = β (momentum width of the wave function) and ∆x = x (size of meson corresponding to wavefunction). As Hamiltonian is the sum of kinetic and potential energy, so can be written as
or
From uncertainty principle, β ≥ 1 2x . Assuming β = p x = 1 2x , Hamiltonian can be written as 
This gives mass of B c (1 1 S 0 ) = 6.3379 GeV with 1.08% error with the experimental mass. Mass of B c (1 3 S 1 ) = 6.2776 GeV that have 8.25% error with experimental mass. It means this method is successful for ground state and not applicable on excited states. To apply this simpler technique to higher states, eq.(23) can be modified by replacing r min with r rms . The modified form of Eq.(23) can be written as
The mass obtained with β and r rms are reported in Table 3 .
IV. Discussion and conclusion
In Fig. (1-4) , radial wave functions are plotted against quark-antiquark distance. Figures illustrate that the peaks are shifted away from the origin with the orbital excitations. It is observed that the number of nodes increases by going toward higher radially excited state. In Table 1 , calculated masses are reported for the ground as well as radially and orbitally excited states of B c mesons in non relativistic framework along with the experimental and theoretical predictions of the other's works. Calculated masses are in complete agreement with the already calculated theoretical masses as well as the experimental values. The results reported in Table 2 illustrate that wave function at origin and decay constants are decreasing toward higher radial excitations. Pseudo scalar B c mesons have higher values of |ψ(0)| 2 and f p as compare to vector mesons. In Table 3 , radii, momentum widths are reported in 3rd and 4th column. Mass calculated by using the radii and momentum widths are reported in 5th column of Table 3 . It is noted that radii of B C mesons increase with radial and angular excitations. The % error between this mass and numerically calculated mass (reported in Table 1 ) shows a good agreement. It is observed that the different states of B c mesons described with momentum width depends on L and r rms . It is concluded that the constraints derived between mass and radius by combining the uncertainty and variational principles give accurate results for ground state as well as radially and orbitally excited states.
